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The second-order generally invariant  Lagrangians for the metric fields are 
studied within the f ramework of the Ehresmann theory of jets. Such a 
Lagrangian is a function on an appropriate fiber bundle whose structure 
group is the group L~ a of invertible 3-jets with source and target at the 
origin 0 of the real, n-dimensional Euclidean space R ~, and whose type fiber 
is the manifold T,2(R ~* (3 R ~*) of 2-jets with source at  0 ~ R ~ and target 
in the symmetric tensor product  R ~* (3 R ~*. Explicit formulas for the 
action ofL~ 8 on T~2(R n* (3 R ~*) are considered, and a complete system of 
differential identities for the generally invariant Lagrangians is obtained. 

1. INTRODUCTION 

As the geometric structure of the generally invariant variational problems 
in fiber bundles is satisfactorily understood (Krupka and Trautman, 1974), 
further interest in these variational problems is shifted to the existential and 
computational aspects of the theory. A natural question is posed as to what 
are all possible generally invariant Lagrangians for a tensor bundle of a 
given type. 

The general theory tells us that each generally invariant Lagrangian is 
defined on the type fiber of a fiber bundle, and is invariant under a Lie trans- 
formation group acting on this type fiber. Let E,, ~ = 1, 2 , . . . ,  k, be any 
fundamental vector fields generating this Lie transformation group. Then if 
a function L on the type fiber defines a generally invariant Lagrangian, it 
must satisfy the system 

E,(L) = 0 (1.1) 
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of linear, homogeneous, first-order partial differential equations. This sug- 
gests that we should look for the generally invariant functions among the 
solutions of the system (1.1). 

Recently, a method for determining the Lie transformation groups in a 
very general case of the r-jet prolongation of fiber bundles, associated with the 
bundle of frames, has been proposed (Krupka, 1974). This method is based 
on the theory of jet prolongations of principal fiber bundles (KohiL 1971a, 
1971b). 

In this paper we study the second-order generally invariant Lagrangians 
for the bundle of metrics. It is the merit of the relativity theory that the 
Lagrangians of this kind have been studied in literature to a great extent. This 
provides us a possibility to complete the well-known results by a deeper, 
rigorous geometric insight as well as to illustrate how the general method 
works in a concrete, not so simple situation. 

More precisely, let X be an n-dimensional, real differential manifold and 
E the bundle of second-order, symmetric covariant tensors on X. Denote by 
R ~ the real, n-dimensional, Euclidean vector space, R ~* its dual vector space. 
Obviously, E has the symmetric tensor product R ~* O R ~* for its type fiber. 
The second-jet prolongation JZE  of E, the domain of relativistic Lagrangians 
for the metric fields on X, has the type fiber T,2(R  n* 0 R'~*), the manifold 
of 2-jets of maps from R ~ to R ~* (3 R ~* with source at 0 ~ R ~. Let L~ 3 be the 
group of invertible 3-jets with source and target at 0 ~ R ~. Our main result 
consists in the formulation of the system (1.1) of the identities relative to the 
natural action ofL ,  3 on T,Z(R ~* (3 R~*). Further results on the theory of the 
second-order generally invariant Lagrangians for the metric fields may be 
found in the second part of this work (Krupka, 1976). 

Throughout, the standard notation of the differential calculus, manifolds, 
and the theory of jets is used (see, e.g., Dieudonn6, 1969, 1972; Ehresmann, 
1953). To perform numerous differentiations precisely, we use both symbols 
D~ and 8/Sx~ for the partial-derivative operators. The Einstein summation 
convention is used. 

2. PRELIMINARIES 

In this section we briefly recall some facts concerning the Lie trans- 
formation groups (Dieudonn6, 1972), vector-field systems (Hermann, 1968), 
and the theory of generally invariant Lagrangians in tensor bundles (Krupka, 
1974). 

Let G be a Lie group acting on a manifold X by the map G • X ~ (g, x) --~ 
g x  ~ X .  Each x ~ X gives rise to the map 

G ~ g --> ~ ( g )  = g x  e X (2.1) 
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By means of  this map one can construct a homomorphism l from the Lie 
algebra Io of  G onto a Lie algebra la(X) of  some vector fields on X. This is 
defined as follows. For  x ~ X and ~ E la we put 

l(r = T,~s e (2.2) 

where e is the identity element of G, & is identified with TuG, and T,~ denotes 
the tangent map of:~ at e. In this way the Lie algebra la(X) can be completely 
described by the image of any basis of la. 

Recall that a real function L, defined on an open, G-invariant subset U 
of X, is said to be G-invariant if 

L(gx)  = L(x) (2.3) 

for all x ~ U and all g ~ G. Denote by E,, ~ = I, 2 , . . . ,  k, any subset of lo(X) 
generating the whole Lie algebra lo(X). Obviously, if L is G-invariant then 
(1.1) holds for a l l ,  This means that all G-invariant functions can be found 
among the solutions of this system of equations. 

The above considerations can be applied to the natural action of the 
group L~ 3 on the manifold T,2(R '~* �9 R '~*) (Krupka, 1974). Let (a, g) --~ ag 
denote the natural action of L~ ~ (=  GL,(R)) on R ~* (3 R "*. Within the con- 
text of  the theory of jet bundles, choose a point Q = jo2f~ T,~2(R T~* (3 R'~*). 
Then the map (2.1) is of  the form 

L a ~joa~ ~ O(joSa) = A2((D~oa-~)f~-1) ~ T ~ ( R . .  (3 R"*) (2.4) 

or, more precisely, O(jo%~) = jo2(afa- 1), where a = Dao~- ~ maps a neighbor- 
hood of 0 ~ R" to L .  1, a(x) = jo~(t~at_.-~<.>), and t .  denotes the translation 
of R" sending the point x ~ R" to the origin 0 ~ R". The homomorphism 
l: ILJ ---> 1Lj(T.2(R "* (3 R"*)) of  Lie algebras is then constructed by (2.2). 

3. IDENTITIES FOR THE SECOND-ORDER GENERALLY 
INVARIANT LAGRANGIANS 

In this section we establish the equations (1.1) for the action (2.4) of 
L ,  3 on T,2(R "* (3 R"*). 

In order to discuss the structure of the map (2.4) in detail, we need some 
coordinates on the considered spaces. 

Let us consider the group L~ 1. On L~ 1 there exist global coordinates 
a~ ~, 1 ~< i, p ~< n, defined by 

a,P(jo~a) = D,a; l(O) 

Here, a ;  1 denotes the pth component of the map a - ! .  We shall write for 
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shor t jo la  = (a~). Similarly, on L ,  a there exist global  coordinates  ai ~, arj, arj~, 
1 ~ < p ~ < n ,  1 ~< i~< j~<  k ~ < n ,  de f inedby  

a,~(joSa) = D,tz;x(O) 

arMoS,~) = D, Dj~,; ~(O) (3.1) 
arj~(jo%~) = D~DjDka; I(O) 

We shall write jo3a = (a~ ~, a~., a['j~). 
Next ,  let us consider the space R ~* (3 R ~*. Let  e~ be the natura l  basis o f  

the vector  space R ~, e * the dual  basis o f  R"*. Each element g ~ R"* (3 R ~* is 
uniquely writ ten in the fo rm 

g = g~je ~ | e j 

where g~j = gjt. We  take the numbers  g~j, 1 ~< i ~< j ~< n, for  the coordinates  
on R n* (3 R ~* and write g~j = g,j(g) or just  g = (g~j). Similarly, let 
Q ~ T,~2(R '~* (3 R"*), and choose a m a p  f o f  a ne ighborhood  of  0 ~ R ~ into 
R "* (3 R ~* such tha t  Q = jo2f. Then  to each point  x f rom a ne ighborhood  
o f  0 ~ R ~ we are given an element o f  R ~* (3 R ~*, 

f ( x )  = gtj(f(x))e' | e j 

A system of  coordinates  on T,,2(R "* (3 R"*) is defined by 

g,j(Q) = gij(f(O)) 

gtj,~(Q) = Dk(gtsf)(O) (3.2) 

g~j,~,(Q) = D~D,(g, jf)(O) 

where 1 ~< i ~< j ~ n, 1 ~< k <~ l ~< n. We wri te jo2f  = (g~j, g~J.k, g~j.kz). 
The  s tandard  left act ion of  L~ ~ on R ~* (3 R ~* is introduced as follows. 

I f g  e R ~* (3 R ~*, g = (g~j), a n d % ~  e L . ~ , % ~  = (a~),  then 

j o ~ g  = (a~,~aq~g~) 

or more  precisely, in our  coordinates,  

g~,~(jo %~g ) = a~,'(jo~c*)a~(jo~c*) g~( g ) (3.3) 

After  having introduced the coordinates  and  the group act ion (3.3) o f  
L~ t on R ~* (3 R ~* we are able to write the action (2.4) ofL~ a on T,,~(R '~* (3 R n*) 
in terms o f  our  coordinates.  According to the general rules for  computa t ion  
with jets we construct  a local map  dp belonging to the 2-jet joa(~fz- ~), where 
joa~ ~ Ln a, jo~f ~ T~(R ~* (3 R~*). Putt ing 

d~(x) = jo~(t~t_ = - ~ ) ) f ( ~ -  ~(x)) 

we obtain,  according to (3.2), 

g~(~(x) )  = D~( tx~t_~-~<x))~ a(O)D~(tx~t_=-~<x))T t(O)g~y(fa- ~(x)) 
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Since for a suitable y ~ R ~, y = (Yl, Y2 . . . . .  Y~), 

( txa t_~- l (x ) ) i - l (y )  = - a i - l ( x )  + t C 1 ( x  + y)  

then, differentiating with respect to Yv, 

Dv(tx~t_~-~<,o)i- ~(O) = Dvai- l(O) 

and 

gpq(q~(x)) = Dv~i- ~ ( x ) D ~ -  l (x)g~j( f~-  t (x) )  (3.4) 

The desired coordinate expression for the map (2.4) now follows from (3.2) 
and (3.4). Writing jo20 = joa~jo2f and 

t t 

gvq = gvq(Jo 20 )  gva.~ = gv,.,(Jo zO) gvq.rs' = guq.rs(Jo zop) 

we obtain after necessary differentiations that the following assertion holds. 

Proposit ion.  In terms of the coordinates (3.1) and (3.2), the natural 
action of L ,  3 on T,2 (R  "* (3 R "*) is given by 

g~q = av'aqJgij 

g'va,~ = av~aqJa~g~j,~ + ( a ~ a j  + avia[q)g~j 

' = a  ~ j" k" l"  (3.5) gvq,,s p ~q t~r r ~ l j , k l  

(t inJ t7 tc El l(l j a ic~. + (a~aqJarsk + a tpsaqjark + -v  -s~-r + arvaaJas e + p r~ s )6~j,k 

+ (a'~rvag + a~r~a~o + a'~va~ + av'a~,~)g. 

A point j o 2 f ~  T~2(R ~* (3 R~*), joZf  = (g~, g~,~, g~,~) ,  will be called 
regular if 

det (g~) ~ 0 (3.6) 

Denote by 3~ the Kronecker symbol and by g~r the functions of the coordinates 
g~y introduced on a neighborhood of a regular pointj0~f~ T ~ ( R  ~* (3 R ~*) by 

g ~ g ~  = 3~ ~ 

To investigate the map (2.4) further, we shall simplify the formulas (3.5) by 
using a new system of  local coordinates on this neighborhood. The following 
assertion can be proved by a direct calculation. 

Proposit ion.  The formulas 

g~ = g~j 

F~,~ = �89 + g~,,; -- g~,~) 
1 R ~  = ~(g~,~ + g;~,~, - g~.~ - g~,~) (3.7) 

- (gmy,t + gmz,s - gYz,m)(gv~,~ + g,~,, -- g'e,v)) 
1 1 S, ,~,  = ~(g,~,~ + g,t ,~ + g~,~s) - -~(gs~,,, + gt~,~, + g~,,~,) 
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define a coordinate transformation on a neighborhood of  a regular 
point j o2 fE  T~Z(R ~* (3 R~*). The inverse transformation is given by 

gts = gtJ 

+ }g'~(P~,~P~,~ + P~,~P~,~ - 2P~,~P~,~) 

Notice that the coordinates R ~  on T,~a(R '~* (3 R '~*) satisfy the algebraic 
identities 

R ~  = - R ~ ,  = - R ~  = R ~  R ~  + R ~  + R ~  = 0 (3.8) 

Owing to these identities, there are l~n~(n ~ - 1) independent coordinates 
R~m (Eisenhart, 1964, p. 21). 

Let us express the map (2.4) in terms of  the coordinates g~, P~,y~, R~e~, 
S~,j~ (3.7). 

Proposi t ion.  On a neighborhood of  any regular point 

jo'fe ~.~(R"* (9 R"*) 

the map (2.4) is expressed by 
t g~q ~" 

G . . ~  = 

R'~.~ = 

S~,qrS 

Jo2f  = (g~j, g~j.k, g~j,~,) 

a ~a Jarkri,jk + i y aT arag~j 

ap~ aqJ aT~ as~ R~jk, 

a~t aqJ ark a /  S~,jk, (3.9) 

j k a~(a~sak a~rqask + a~ar k) + [a~t(aJa~ + as arq + a / a ~ )  + + 

n' n J,~ k a~aa/as~)] + ] ( a ~ a / a q  k + --~r--s--q + 

X r~,jlc + ap~[a~rs+ t ~ ~ j ~ J k(arpa~a + a,~a~q + apaar,)]gtj 

We are now in a position to express the Lie algebra homomorphism (2.2) 
in terms of our coordinates. Denote by id the identity map of R ", and by e the 
identity element of the group L.  a: 

e = joaid = (Ss t, O, O) (3.10) 

Let ~ 6 TeL,~ 3 be any element of  the Lie algebra 1. 3. By definition of the 
tangent map, 

TeO~: = (Q(e), DO.(e)~ e) = (Q,  D Q ( e ) O  
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Let e~ ~, e~ j, e~ j~ be the basis of  TeL, a relative to the coordinates a?, arj, a ~ .  
Then 

where the components ~fi, ~5~ are symmetric in the subscripts. Then by (3.9), 

~ 0 / ~  t t . + R,~,(e)~ ~ + DS;.~Ie)~ aS~.~,, 

where jo2fs  T~2(R ~* @ R ~*) is fixed, and the partial derivatives on the right 
denote the tangent vectors to T~(R~*@ R ~*) at jo2f associated with the 
coordinates (3.2). Putting 

we easily obtain 

t I t 

Oa~ ---7 Ogp---~ + Oay ~ orz,.~ ~ + ~a/ OR~.~,, + Oa~ ~ OS~.~,. 

where the partial derivatives are considered at the point e. A direct com- 
putation gives 

Eg ra = g~m OSm,~ 

We set 

Further, 

and we set 

0 
E~'Juz = g~mE~kl = OSi.jk~ 

~r~,~r ,0 0 
Oa}~ ~r~,ar = gt~ ~ru,j~ 
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Similarly, 

~ g ~  a a ' ~ 
Oa/ Og~,~ = 2gi,. OR~,a~ = 4Ri~,~ 

and we set, 

Oat m t3at m ] = ~ -]- 2g~mRrn~,ar ~Rt~qr \ 

It is clear that each of  the systems E~J, El ~, El kz and E ~'j, E ~zk, E T M  of funda- 
mental vector fields span the Lie algebra lz,3(T,,2(R '~* (3 R'~*)) around any 
regular point. 

It is convenient to express our vector fields in the coordinates g~J instead 
of  g~j. Putting 

.~ 3 0 
~ , t  = --gt~ga Ek'' = ~ -- 2g~R~ars ORders 

and 

we have proved the following result. 

Theorem. Around any regular point of the manifold T,Z(R "* (3 Rn*), 
the Lie algebra ILs(T,2(R '~* (3 R'~*)) is spanned by the vector fields 
E ~,~k~, E t,jk, E~, E~. 

In general, the vector fields ~'J~, E ~'~k, ~j=+, and E~ 7 do not have to be 
linearly independent. Consequently, the dimension of  the Lie algebra 
lz,a(T,~2(R '~* (3 R'~*)) on the considered open sets is less than or equal to 

n[n+ 2 + 32)] = (n+l) (n+ 

Recall that an L~3-invariant function defined on an open L~3-invariant 
subset of T,2(R '~* (3 R '~*) is called generally invariant. Our foregoing discus- 
sion may be summarized as follows. 

Theorem. Each generally invariant function L, defined on an open 
L~3-invariant subset of regular points of the manifold T,~2(R "* (3 R'~*), 
satisfies the system 

E"skZ(L) = 0 Ez'J~(L) = 0 E~(L) = 0 ~ ( L )  = 0 (3.11) 

of partial differential equations. In particular, each generally invariant 
function depends only on g~J (or g~j) and R~je~. 

The relations (3.11) may be called a complete system of differential 
identities for the considered class of generally invariant Lagrangians. 
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All our considerations can be repeated in the coordinates g~y, g~j,~, g~j,kz 
(3.2). Using (3.7) instead of (3.9) we obtain the following result. 

Proposition. Around any regular point ofthe manifold T~2(R"* (3 R"*), 
the Lie algebra Iza(T.2(R ~* (3 R"*)) is spanned by the vector fields 

2 a O, j = g,m tggj'----~ + (g~'q"3rJ + 2g, q ~3~,') 0 ' ~gpq.~ 

a 
+ 2(g~q.,~3J + g~q,,~3j) Og~a,~ 

a 
01 ~ = g~(SJS~ + 8JSr ~) ~g.~,, 

+ [g~q.~J~ k + 2g~.,(~J8 k + ~J3 ~)] ~g~,,~ 

Theorem. Each L~a-invariant function L, defined on an open L.  a- 
invariant subset of regular points of the manifold T.Z(R ~* (3 R"*), 
satisfies the conditions 

OJ(L) = 0 Old(L) = 0 O~t(L) = 0 (3.12) 

4. REMARKS 

Let us characterize the Lagrangians L as depending only on g~j and 
g~j,k, not on g~j.k~. For these Lagrangians, equations (3.12) are equivalent 
with the system 

O,S(L) = 0 Ol~(L) = 0 

where 

0 a 
O / =  2g, m ~ + (g.q.,~J + 2g, o,,sJ) ag.q.r 

0 
Ol ~ = g ,18 .% ~ + 8,%,)  eg,.. .  

It is easily seen that around any regular point (g~j, g~s.~) 

= �89 + gr"~O~ -- gm~O~) 
Oglc.l,J 
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It  is now evident that each generally invariant Lagrangian L satisfies 

aL 0L 
~ = 0  = 0  

This is a proof  of the well-known fact that there are no nontrivial generally 
invariant Lagrangians that depend on the components of  a metric field and 
their first derivatives only. 

Our second remark is intended to illustrate the notion of  the flat local 
coordinate system (Hermann, 1968), and the geometrical meaning of the 
"generally invariant functions" as some coordinates belonging to a flat local 
coordinate system. 

Let us consider the vector-field system ~s'~+, ~s--, E"J~, E~'m on 
T2~(R 2. (3 R2*). In this case, there is only one independent variable among 
the functions R~j~t, say R121z. It is immediately seen that E~ = 0, i , j  = 1, 2. 
Put g = det (g~0 and introduce a coordinate transformation from g~l, gX2, 
g22, R1212 to g11, g12, g22, R by 

g~J = g~J R = g~gSIR~j~t = 2gR1212 

One immediately obtains 

0 0 0 
E~. = ~ + 2g~'aR~,,ay--~ - (gtpRyars + gj~,Rtqr~)gV~g a" 0----~ = O'g,j 

Summarizing the discussion of the case n = 2 we see that around each 
regular point the Lie algebra lz~(T22(R 2. (3 R2*)) is spanned by the vector 
fields O/OS~,jk,, 8/OP~,jk, O/8g ~j. The coordinates S~,m, I'~,j~, g~J, R establish a 
flat local coordinate system for the vector-field system E~, E~, E ~j,~, E TM. 
In particular, there is only one independent generally invariant function R. 
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